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Year 2 Polar coordinates - finding the area of polar curves

initial line
>

Figure 1

Figure 1 shows a sketch of the curve with polar equation

r = 2+/sinh & + cosh 6 0<o<r

The region R, shown shaded in Figure 1, is bounded by the initial line, the curve and the
line with equation 8 =7

Use algebraic integration to determine the exact area of R giving your answer in the
form pe? — r where p, ¢ and r are real numbers to be found.

C))

(]
rememberim] the formula for polar integration: .i_j rtdo
&

and subbing in uhat we have ia the question
k=0 B=T

r= 2{sinh@+coshd
% = U(sinh®+coshO)
l:ckins the U out to front of polac integration
T
‘é‘("f)f sinh® ¢ cosh® do
()
Ly notice this involves the integration of HYPERBOLIC FUNCTIONS

WAY I: using (sinhxdx = coshx+C
Joshxdx = sjahx+c

2 CcoshO + sinh8]’
L ovaluate above in limit$

2%((05"\(“’4 sinh() - - )}
uant exact area so net evaluating but using exponenfia(
de{:’niéioas of Coshx = ;'-(Qxfe.x)
Sinhx = é(e_x- )

2-5{ (e"ve ) i(e" ) )
) 2(2'-)) s2eT-2|  leTRETHE2
2
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_ DONOTWRITEINTHISAREA

DONOTWRITEINTHISAREA

< f )
Question 1 continued
~ WAYZ2: u\tegra{’mq exponeatial OFN : coshO = —(Qo"'Q ‘)
sinh®= (e9 e?)
1, .
2 e : -2 + e 6 +€ )
el 4 2,0\
2 3 Ltt‘ )de
2 2| e® 8
=) 2 S‘ e n__ QO?
=) 2(ef Ak
=20 uhere|p=2,q=a and r=2
(Total for Question 1 is 4 marks)
J
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Year 2 Series - using compound substitution into formula book Maclaurin series

2. (a) Write down the Maclaurin series of e”, in ascending power of x, up to and including
the term in x°

(1) g
(b) Hence, without differentiating, determine the Maclaurin series of CZD
e :
2
in ascending powers of x, up to and including the term in x°, giving each coefficient E
in simplest form. 3
)] X
W
%
(a)from FORMULA ROOKLET : m
b 9 2 3
SeX+X 4 X734,
e =I = +§_! &
(b) knouing there are tuo uays €0 determine the Maclaurin series of Certain
Qxpressions :one is through diff erentiating explession and evaluating
ts decivatives at O ({.m.'qs (n_general Maclaurin series formula ) OR using | o
compo\md {\mdton Substitutbion tato qlrQdej em'shng Maclaurin series {-olnnulae =
()
L hete need to do the latter: 3
NAY I: Substitution of X! iato formula book expansion ﬁ
fiest conSider seijes @xpaasion : e*-| =
s (1exx 4 4. T
2! 3! n
B
=
s
=x+x* x3
2%
. . Y .
aow substituting >c— X< +£6°_s into_the formula book expansion of €%
X
e*-\ X, 3 st 3 233
v (i) e (e 2 g egl
2! 3! &
3 2
= | #fxce % x;) e x? x+x} xt x3) o
'(’“z*? "‘(’“z"rj(""z %\¢(x+_i+_r 2
|
‘ . =
2! 3 =
m
expanding above but only vpio and including x? =
T Y T
eq- [(x+X ¢ X xt x3 =
g(le.‘)(x*'—z""'z) :
becomes 0
=xtexdyxt, »
2 7
= x*+x3

N 0 o
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DO NOT WRITE IN-THIS AREA

Question 2 continued . ;
and (x+% +£‘ )3 become x>
eX-~|

“ = exaxtixt ol x
2 6 2! z
3

6

Zlax b xEpxd o xt % yx

2 € =2 = T
cottect like terms:

=laxtxtesand,
6

WAY 2: product of function (using index taus)
consider e*-| =(1 +x+:_:;‘4>££)_,
substituh'ng int0 e¥ formula bookiet
4 uhere Jc-»xn_ci’- P20

Y2

T WRITE IN THI

DO:NO

6
v s @ e
Qx ¥ )'ti t % 1rup to and iacluding x?

using ndex power rule i.e splitting above lato produtt of 3 separate fuactins

) 3
e"xe’/‘xex %

evValuating each separately (up to and including x3)

Y Xt o)
e = l+x X +z

DO NOT WRITE IN-THIS AREA

x% VLIRS ]
e ='*(’-‘-:)+(@_1;:_))
2
=i+X
x¥ z
e ‘=l+_x,‘
<

and multiplying
xt, x3 2 3
(exege2)irg)eg)
expand fitst fuo bracketS (up to and including x-‘)
S
| +% 4!4-_1){-5".'. £ %J‘ )
( 2 2 2 %-g*, )“"f‘-)
collect ke terms :
(exexts 2)(1+%)
prav\d out .
|+x+x”+?§x3+2‘,

- 2,5y 34.-.
- l +X+X ""‘ x (Total for Question 2 is 6 marks)
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Year 1 Matrices - using matrix arithmetic (identity matrices, matrix multiplication); equation of invariant
lines and points
4 )

where k is a constant.

Given that

M’ + 1IM=al

where a is a constant and I is the 2 x 2 identity matrix,
(a) (1) determine the value of a

(i1) show that k=-9

| VUV SIHLNIJLISM LON

3

(b) Determine the equations of the invariant lines of the transformation represented
by M.
(6)

(c) State which, if any, of the lines identified in (b) consist of fixed points, giving a
reason for your answer.

(1)

(@) (i) girst evaluate LHS to above equation,so:
M*+1M
..for md: matiix multiplication “rows into colomns"
(-2 s\[-2 5\
L6 k/\6 &)

multiply the elements in the row of the first matrix by the elements in

IHKKRRRRRRRLHKHKHRRRRRRRKHKKRRRRRRKK, 2

ERRRRLRRRRLIRK

YIMYSIHINIZLMMIONOG

the column of the second matrix and sum in betveen
Jl ams\(R2 S\ (@52 5) -

6 w)U6 k/ \6 k/\e K/ &%

- Qs -2 §\(72 &) 8
—\%QLH«L Ceic)Ce ) .
=[-2)(-2)+ 5(6)  (-2)(s) +(S)K) 3
le(-2)#k(6) 6(s)+k(k)/ =

= [ 34 Sk-10 Y a5

" Lek-12 w*+30/ =

for 11M = just scalar multiplication (multiply elements by n) J;\

HM = [=2011) s /

- [- s e

\ = { 66 ”k' ) \é\

— AR AR A0
OmC .
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DO NOT WRITE IN-THIS AREA

DO NOT WRITE IN-THIS AREA

Question 3 continued
L.H-S
- =22 §§
24 m=( 34 Sk ID).,_(

" (Slz-lz k*+30 66 1k )
maf/iX additon (add coues;;ondinﬂ elemnfs)

3-22 Se-10+SS\ _ [l12  Sk+4S )
(Gkggl w2+30+1k | T \Syt6k k2+1EE30
¥

nou RHS-remembering that q 2x2 is just a 2%2 2e0 matfix
Uith 71's in the main diagonal (muitiplied by ‘a' -

2HS=q(é?)

- (82)

- LUS=RHS
1r Skt4§s 5_(0« D)
Sus6k ki+llk+30 0 «

can equate corresponding elements:

...A(|l|):
aszl2
(i(’) - A(1,2) ¢ QR p_é .
SR+45=0 Aap) k24 |lbt30=%12"
AL Lk s4+6k=0 =kt +1lk+1€=0
T |=-9 =)k -S4 _ . =Y k=-2 or -9
6 ei-a) d
- consider A(1,2)
TY+6(-2) %0
.'.k;-q

U:) METHOD I transforming Lline \j:mx'}c
an cavariant line (S q ling of poit\{'S(Lall ot y3mX1C ~as a vector (:\Lx-r()
which uader the Yould be mapped o a i.e
(¥yvc)On Ehe SAME straight Line
Lformulating this as an equation (using Mx:4

( ) (r:cx ch = (mfc“rc)

matrix multiplication “rows (nto columns":product matix (:t':"‘\)
)

-..for Acyh:
-2 (x) + s (mx+c)
==2X4+4SmX +§$C

7
o N A Turn over
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Question 3 continued
.. yor Ay
6x +(-9)(mx#c) =mx'tc
expand
63 -qAmx-dc=mx'+C
equal-if\s to R.H.S:
“2x+Smx+SC ) :_(-" : )
6x-Amx -9 M +c
=) -2x+Smx + fc =x' -©
6x -~Imx—qc smx'+c
sub O into @
6x-Amx -q¢ :m(—lx +Smx+ $¢)te
expand
bx-qm¥X-9C:-2mX+Sm X ¢ SmC +C
Collect X's and ¢'s on either side
—Smc-10c=Smix + Fmx-6x
=) x(Sm*+Im—6)=-Sc(m+2)
=) x(Sm*+Im-6) +Sc(m+2) =0
now make each blacket equal O
Sm*+3Im-6=0
Lkac=30,b:=3
10,-3
Sm*stom=-3Im=-6:0
23Sm(m+2)-3(m+2]=0
2 (Sm-3)(m+2)=0
=ym=-2,3/s
vhen m:-2,
Sc(-l+7) 0
5 Ccan take any valwe
Subbing back into original

(mxi-rc) = (:;.Lx +<-)

\3:-211-(.

\

ond Jhen n=3/¢,
Sc(-¥s +2) %0

(3?,;) ~€:=0

~y= 35 X

p 7 2 7 9 56 A 0 8 3 2
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METHOD 2 trans{ormation of points
an invariant line is a line of points-let the points be (’é),eack of which under

ace mapped tp anpther point (x“) on the same line:\j=mx+t
. . L4 !
Uformulating this as an equation

(250G (3)

matrix multiplication “rfows iato tolumns"
(-2x+$‘3 ) - X:)
6x -9y N/

equate to R.H.S and form linear equations:

-1X + S'j =x'
6x -qy =y’
NOW subbing in y=mx+C (n both so lie on
=2x +S(mx+c) =x! 6x-q(mx+c)=y!
-2X +Smx +S¢=x! 6x -Amx -9c¢ =y'
-.-bactorise x'sand ¢'s :  factorise X's and c's:
x(gm-l) #5t=x X (6-9m)=-qc sy
Sub iato formula fof transio oints 4 smx'+C

x(6-9m)-qc =m [x(Sm-).) t$¢] +¢C
expand square brackets :
x (6-Gm) -9¢ = X (Sm*-2m)+c+Smc
compare coefficients
ceedC?
6-Am =Smi-2m
=) Smt43Im-6:0
need ¢o solve
ac=-30
23
-3,10
Sm*I0m-3m=-6:=0
Sm(m+2)-3(m+2):0
=) (Sm-3)(m+2) =0
=)m=-2 or ¥s
Jhen M=-2,
+ C(Sm+10)
= ¢ (S(-2)+10))
=)(:0 .
Sublu.ng into origm.
y=-2x+C
“"'Cn m:B/r
¢(S(¥)+10) %0

:C has to be O
. Subbing into original: y=3sx



DO NOTWRITE IN-THIS AREA DO NOT WRITE IN-THIS AREA

DO NOT WRITE IN THIS AREA

Question 3 continued
() i} “fixed points' mean any point on invariant lines i (b) get mapped onto
themselves
oty
taking a and. “transform' to see (f qet (3’;0)

-2 ¥
el
mattix mull—\'plica{-ibn—"rous into columas" [et plod-a(é ratiix (
for A (i):
-211-?(3/70)
=a (/AmM)
.. for AQ,2):
6(0“"1(3/:“)
=6a-1¥q

=3/ca (\/AIM)
iy 3/:-)(

{:f:’ing \3--2x+c
random poiats: ( mc—c)
fee l[- g{t {. z c) )‘pPQC’.

-2 § )
6 -9 2a+c
matlix multiplication - “row's tato cotumns”
ateix = (At
P(Od\l(t M 1 ( (;||)
. fOr A (MK
-da +(5)(-2a) +s¢C
= =Ja-10a ¢
=-J2a45C 2O
~not ,t.xed pownts

Aug)

1,:\)

oonly Y =¥ x onsistents of fixed poiats

(Total for Question 3 is 10 marks)

9
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R Year 2 Polar coordinates - sketching polar curves, finding tangents to polar curves

4. (a) Sketch the polar curve C, with equation

r=3+\/§cose 0<0<2x
On your sketch clearly label the pole, the initial line and the value of » at the point
where the curve intersects the initial line.
(2)
T
The tangent to C at the point 4, where 0 < 6 < X is parallel to the initial line.
(b) Use calculus to show that at 4
9 1
cosf = —=
J5
“4)
(c) Hence determine the value of r at 4.
(1)

() equation given in the form a(p+4Cosd) —remembering the diffesent cases for
Shthhif\s polar graphs:
vhen p=zq qet a cardioid (dimple at on'gin)
2 ‘uhen p%2q  qet an oval /‘eqq’
Jhen .szzzq_‘ qet a dimple (certre NOT ot origin)
nou need tatle of values to see uhete dimple (ocated-go up in iacrements
of T2 in RANGE 06 42m
n )y, | 2a

3+f7(-1) | 340300) | 3+/501)
- | =3 z3tfr

S

_._E% INITIAL LINE
(3+f5,0)

(b) we know that for a tangent to be parallel to initial lin@ ._‘% =0
(twis is because gradient of horizontal lines (s 0,50 for the
of hyperbolic fuaction $)
dy

%‘1 3? s.numerator has {o

= be equal to O
susing of i.e ( ) )

\1 =rsin®

Svb in our /1!

10

— R 0 0 O
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DO NOT WRITE IN-THIS AREA

DONOT WRITE IN THIS: AREA

\ = (3405 c050)5in®

Question 4 continued
nou need to aifferentiate above:

WAY I-.pioduct rule UYAY 2: using sia dosble anale
ws3+drcos® v =Sinb 2 x pand brackets :
W':-Jgsin®  V'= osd e 36in 0O + JSsind cos0

e(\o\l\ =uv'tu'v us;l\s sinbco S0 3-; $in 20

=) %,‘lo :(s+fr¢ose)<°$9. :)(fr 3inD oSO =~£;' s;aze>

+(- s siaB)sind

e . sa = dy - 275
=200 "’ﬁ'(&Sze -E'Si'\zs 2k 35inb 4 gs:«le =) ;’—3 = 3cosO & _;(0929
and Solve 49 -0 using memorised rearrdaged cos6= 2cos'0 -

a0

- l -
converk siath ko [-cos?0 (using 0 = 3¢o50 + J5(2¢ 9526 ~I)

P'j ﬂ\‘s. l.d!ﬂ "l. ‘d\ = 3(;59 .‘.L’_r ‘ogze - 'rr =0
3050 +J5eos?@ -I5 (I-00828) =0 =) 2 [ co520 + 3¢056 /=0
QXPGAL

2 M5 20 +3¢esd -J5 =0

~Solviag theS .
-us;l\ﬂ q_uaerhC {OfMu(Ql
e quation solver

wsp:-3eJar-4(z rs)-Ts)

2(2fs)
=3t fqev0
Y[y
-3¢}
yrs

S5
2¢0s0= =10, 1o seal solutions
My

scos0=M - L
ulr = J%

Cc) (¢ at A, mser'/r,' Sukbinﬁ this into our polar equation

r=?,+5‘(}'r\

= 34|
SVYre Yy

11
o R 0 0 O 0 AR Turn over
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Year 2 Complex numbers - finding nth roots of complex numbers

5. The points representing the complex numbers z, =35 — 251 and z,=-29 + 391 are
opposite vertices of a regular hexagon, H, in the comglex plane.

The centre of H represents the complex number o

(a) Show that a =3+ 71

(2)
1+1
Given that = —
64
(b) show that
Pz, —a)=1
(2)
The vertices of H are given by the roots of the equation
(Be—w)" =1
(c) (i) Write down the roots of the equation w’® =1 in the form re"
On—
(1)
(i) Hence, or otherwise, determine the position of the ather four vertices of #,
giving your answers as complex numbers in Cartesian form.
“4)

(q)comp(ex plane hints at need to sketch the regular l.q,xagm on an Arqand diagram

eq. as shown below Im(2) ‘next Shekching on the £uo Complex

Pom&s remembermcj that cOMp‘tK

Re(x) 25 (26) on plane
2,7 35-25¢
;‘..(35'-151') é [439¢

hence ¢he centre of A (indicated) must b the midpoint of the
tuo complex poiats

ol = (x' X, Y- ’L)

2
= (3S-+(-ZQ) +_2§_‘,31c)
Z 2
- & (_f: + lf()
=y Az 3+

(Q Sublamg F,Z aad o« into the L.U.S o{ﬂ\e equqtcon
'“ ((3: 253)-(3+%))

R 0 U O =
p 7 2 7 9 5 A 0 1 4 3 2
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numbers of form a+bi is represented
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DO NOTWRITE IN-THIS AREA DO NOT WRITE IN-THIS AREA

DO NOT WRITE IN-THIS AREA

evaluating brackets
L (3(‘-3 +i(-25-2))

= R .
) J{ﬁ (31_5-2‘) OR take 6qou£'

Question 5 continued

| . .
x6y o e 7 [(r+il(32-3201]
=) (l+i)( 3”3 ) expand inside square brackets
expand brackets < ['51—32{432{_32([1)]
' . gyl 2
5= %"'/"(‘ ) ‘ using b=
\lSl'\ﬂ (L;-l "_" [32+32J
2361 =4 'Eq““”i

€ )G) romembering Skeps to find rooks of complex numbers
I. urite doun 1 (a exponential form - el0
2 .take 6tk oot of RHS (pouer as a FRACTION)-to get o,
= (ef0) '/

-y

se®=1
3.then remembering that e© (S 2n-periodic (. keep malbiplying each
root by
f,
wze'" =) ¢™
~W, = )
w, @ e
; ¢
Wy = Q“/yxe Y A
an, Uk ]
wy =€ xeg P ze™=-|
A unfyi an =200y ;
we = e xe ® = (orm ‘ptincipal alq. \-om\ 3 'z":'z/’" | -e
e: "I’lxe saly(or in ‘plincipal G'ﬂ-{‘o‘"\ {-;'- = "z}
ym =Tk
} l, ”/5" 3lls¢ e e% e 3 ¢

(ggqgrq( -fom e.‘""' for k= 0,1,2,3,Y, S')

(i) teying to apply answels o part Ce) (i) +o those in Cc)ii)
Lespecially by spotting difference between

wé=s |
ond (g(2-x)) =
=) W= p(z-x)

VA0 O 0 T
OmCW Turn over
P 7 2 7 9 5 A0 1 5 3 2



Question 5 continued /
3

. (rtk
these are the 6 roots from (c)(i) of dhich general Jorm s el

need ¢o

Subbing in Uhat we kaOJ-
jii - "7'. =
<y (i 3 t)
x €4 x6Y

- . crR

=] (l+l)(z—3_;‘) quec g

14 2lec

TR .
=‘ 2-3-3(= 64 e' 'g- }expfo;s:\\ha\
[+({& atbe

r&l:ionﬂl\.SQ'kQCP.ing the a+b 'C"et%r&\‘form question (S aSEing for
64’ = G (cos(F) ¢ sin ()
2-3-%¢ = (St Ceosl ) wisin(F)) o (1-1)

(1+i) x (-1
...numerator:
64(cos ("Tt) t isin("’%\) (1-v)
real : imaginary-

C‘l(os(“-‘r‘)d_‘sin("—:\ 6y s;.\(r%g\ -G‘li(os('%k)
=64 o5 ) + €4 sin(Lk)
~in‘at+hi Jorm: 64cos ("—3"')1- 550(?8 N(G‘tsit\’la'-k -G‘tCoS(’L:)

... denominator:
using fact that 22* =farth?
|;+ =2 ;
S3=3-Fis (G}fcos(ﬂ?ﬁ) +64 sin("_lk )) +i (Wsia"_‘_'t-w cos('.fsk.))

v
cancellincj and Qdding 3 to real and ¥ to imqiic\mj components

= (200s( ) +32sia( B foa) i (325i0( B )= 32005(§] 4 7)

nou sub (n from O € §
= (32 (coslo] + 32sin(0)) +3) +i( 325(0) -325s(0) + 3)
= (3243) +((-3243) = [ 1 3¢-28¢

16

R 0 U O =
p 7 2 7 9 58 A0 1 6 3 2
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(32005(s) + 32sin(Th)+3) +i(32sin("h) -32005("h) ¢ 3)
cos(h) =y; sin(ThY =13/,
206 +16J3 +3) +i(163-16+3)
= 19+165 +((-q+163)
(32 cos(%0) +32sin({) +3) +((25in(%) -Szcos(%")i-:))
(.(>S(7-'§'):-l/2 Sl'l\(zT“)gﬁ/z
= (-13+1653) +i(23+16)3)

: (32¢05(r) + 32 sin(r) +3) ' l'(stin(rr)-szcog(n)+:})
wsa=-| siam=0
:<"SZ +0 +3) +|'(32+?»)

(32(os(“?" 452gin('f§’-')+5) 4i(32$.‘n(‘%)—32cos(¥)+?)
CoS (gg =-1f Sf'\(‘%"):“ 3%
(-16-1613+3) +i(-1653 +16 +3)
< (-13-1613) +i(-16]3 +23)
(32005() + 32 5in(L) +3) + ((32sin(5F )-320s5( ) + 3)
cos(5F)='h sin(58)=-53
(16-165+3) +i(-163-16+%)
=04-1653) +i(-155 ~q)
“the Y other vertices are :
194653 + ((-9+16B) § (16]3-13) +i (23 +1683) | (-13-163) +i(23-165) ;
(19-16B)-i (16/3 +4)
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Question 5 continued
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Year 1 Proof by induction - applied to Year 2 Calculus - hyperbolic functions integration

6. Given that
_ 2x
y=e¢e" sinhx
prove by induction that for n € N

n

d’y =¥ usinhx+3 —
dx" 2

! cosh x}
(6)

proving by induction i.e proving a conjecture is érue for all nel

Step | : base case
prove true for n=|

AHS \ \¢
Ly . dy o LN

m{-{etenf.qfe Y urtx \ASMS PQOoucT RVLE

t‘ ’Q, sm’\x

A W £ .e -
 W'=2e¥ v'teoshx

-,.;J;;c ) uSMj __i_( s_m:J; \_;cgghx

) g .'-\ASMﬂ d(w) Wb uy! / )

d
'Ii"c‘e (oskx 2™ sinhx S A

| ~ [ NOTE: could've also done 4 in exponential form usu'ng _exponeatial

definitivns of coshx and sinhx but notice how 4% oy pession
dx”

doesa't in volve exponeatials .. just use ﬁ( [ sinhx) = coshx ]

RHS :
o e’ (3 :|5"'"x + L'cod\x)
= 2% ( 2 sinhx +coshx)

LHS = RHS :=true for n=l
Step 2:assvmplion step

assyme true for n=k

d¥y 'g""(l__'Sml\x + 3" "'(og}\x)
dx®
18
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step 3:induction Step
prove rue for n=k+|

L~HS :
)
v d ( Aty
dyker A | dy®
s Ll_ k .
dx (e_u( 2 sinhx + 3% -1 cosh ))
\ASl'l\g product rule 2
2 2 2

looking at AIM : fact orise e out
k
Qi 2(3 el k_|
( ~— sinhx + 3_/_{_ cosl\x)
q/oup Sinhx and coshx

e“‘(sinl\x(S"-l + Si') +coskx(3“-\+ gk, )
Lommon derwm(qaz-or =z

ezx(sinh)c(z(wk-’) +COSLJ((2(_3_l‘;"+3k+I)
expand blachefsl 2

e’* (Sc'nhx (2(3h) +2+3k- +coshx (2(3k\ ~2+3%, l) )
2 2

collect (ke terms

e’-JC(sinkx (3353_";'/) +coshx (3%- l)

then using iadex pouer laws=3'x ghogke !

. k K
°y (S|nl\x(3 el ) +coskx(3 Ho ))
2 >

sbeue ornzl ¢
step Y :conclusion

since true fof n=l) if true fornzk and true for n=k+l, thea true forall
neiN

e 5o
L 2
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Question 6 continued
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Year 2 Volumes of revolution - volumes of revolution about the y-axis (modelling)

7. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

VA
1.257
0 X
—1.545
Figure 2
John picked 100 berries from a plant. 1.2 g ?_ N (_ 1.sys )
The largest berry picked was approximately 2.8 cm long. = .2} HI.Fu S
The shape of this berry is modelled by rotating the curve with equation =2.302
2 2 5
16x~ + 3y —ycos(:__y)=6 x>0
1 o1s <z

shown in Figure 2, about the y-axis through 2z radians, where the units are cm.
Given that the y intercepts of the curve are —1.545 and 1.257 to four significant figures,

(a) use algebraic integration to determine, according to the model, the volume of

this berry.
(6)
Given that the 100 berries John picked were then squeezed for juice,
(b) use your answer to part (a) to decide whether, in reality, there is likely to be enough
juice to fill a 200cm’ cup, giving a reason for your answer.
2

(a) remembeling the formula for volumes of revelution abwt the y -axis
B2
= d
Ve X dy
now need to substitute in taformation from the question -

Lhere need to use these limits
as can't exploct any symm Q"‘Jv,

and nced’x“{.rom qiven equa{:ior\

R 0 U O AR ARV =
p 7 2 7 9 5 A 0 2 0 3 2
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DO NOT WRITE IN-THIS AREA
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DYDY KK TAMDITEIN
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DONOT WRITE IN THIS: AREA

Question 7 continued

165 + 3y® - yeos( 4 y) =€

16x2=6 -3¢ +ycos (% Y)
<16 =16

x :I_G(G"”jz + \jcos("/z.,))
subbing into formula:

125 3
\/:T'z-rrj (6—33"+;1C°5(s/21))0|3

integrating -\[‘3(05("/,_5\ dy BY PARTS
let w=y v'zcos(%y) ) using Joosktadt = Tlshkt-"-c

wal v=Yesia(%y)
f‘J“’S( % 9) dy = 2/ ysin(hy) - Y [ sia(ry)dy
= %y Sin(r/z-j) + %(%)«.os(‘/w) re
= Ysysin(hy)+ f‘s-“s("/z:l) $C

= 644+ Zysin(g o)+ Eos(% 9)]
PRl = R sin (T Y cos(E 25|
_.[g > + 3;-. 5"‘(1'; ) 1 g’r“s(g 2‘

hint -lbetter to in Calc press 1.253 thea ANS for
substitution and same for - |.54§

T,Z m(5.3954... (-6.110...))

-~ |

=L (1n.50556.. |
=2.254M..
=2.26cm*(3 sf)

(b) max volume {-or 100 berries
= [00 x
= 225.9]...
222€cm?
but reqlisiicql(j not all the benj uill become juice (Qg.skia’fulp'
seeds) -berries not likely ko produce 200cm’ of juice
21
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Question 7 continued

ORLalso accepied) :
"

200m( is less than 0% 0‘- PDSS“"Q 226m| “may {,.l[ wp ucth :\uice
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Question 7 continued
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(Total for Question 7 is 8 marks)
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Year 1 Complex numbers - cubic equations

8. Given that a cubic equation has three distinct roots that all lie on the same straight line
in the complex plane,

(a) describe the possible lines the roots can lie on.
(2)
f(z)=8z2"+bz"+cz+d
where b, ¢ and d are real constants. o )
The roots of f(z) are distinct and lie on a straight line in the complex plane.
Given that one of the roots i
(b) state the other two roots of f(z)
1)
g(z)=2+P7+Qz+12
e
where P and Q are real constants, has 3 distinct roots.
The roots of g(z) lie on a different straight line in the complex plane than the roots
of f(z)
Given that
* f(2) and g(z) have one root in common
» one of the roots of g(z) is —4
(c) (i) write down the value of the common root,
(1)
(i) determine the value of the other root of g(z)
3)
(d) Hence solve the equation f(z) = g(z)
“4)
(a) considering the tuo {or the cubic equation to have 3 distinct
roots (dl«ordinj to Fundamental Theorem of Algebm)
Tim(2)
~must lie along the real axis (3:0)
e —e—— eel2)
24
AR A e S
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DO NOT WRITE IN-THIS AREA

DYDY KT IDITEINSTRIC
DO NOTWRITEAN THIS
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Question 8 continued
- for to Lie on same line as the real
solubions - their ‘x' coordinate (ie real components| musT be equal
+uould lie on a vertical line (x:=2)

M m(2)
1 3¢
& —Re(2)
IS
N\
(k) tentinuing from |{,(z\'s roots must (it into i.e one real
root and @ complex (oajugate pair that lie on the same vertical lne
Nm(z\
*(%+%i) given 2:3 3/t
< “e3— e(2) 2* =3/, ol
U three tS re
! X(%-’/zi) and @ ree¢ rootS rea

components must be qq\ul
"'2;3 3/2 :
%' %-%h Y% 350

(A)(i) now we're dealing uith ansther Cubic equation g(2)=2%+ Pa*+02+12
a(readj qiven oae voof = -4 but stiaight Quay can se@ _i’_.igt' (@anpé
be common ¢0 g(t) as 22(2,,13)4"'1

s~ uoaldn't Lie on

Im(2)
1
&———\el?)
=4 Y, ¢ ~common rook =3
'’ (Straight Line=real axis (y=0)]

(i) METHOO |- Lactor theorem and by inspection
given that roots 9(2) =-l1'3/;_ then use fact that if {(2):0' Lx-2) s
a factor ¢o form a cubic that can then eoxpand and compare coefficients
(Z—V,)(H‘-!)(Ha) 2234 Pa%4+Q2¢(2
then compare CONSTANT TERMS

(%) (a)(x) =12

‘.;‘Z) -C“=’2:°_6
=) ks~
25
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Question 8 continued

METHOD 2 : using roots of polynomials formulae
using given cubic eq'u{ion

ql2}= z%ﬁ?’ +Qr+2

where -
‘Sum fooofs 9% ='b/q="P

- Sum Of product - = @
pairs:
-Product of = =-[2

rooks *

let K=-'*, 333/2 ,Y:‘

' d

5. usin

YL )(k)=-12
o=z
=) ¥Y*2 [iroob=2
(d) question (s to solve f(}\ﬂ(i\ i to {ind p.o.0 of the two (ubicS
LAY (:
consider {(2) roots:
2=3/z,3/;!3/z"
-'-reuril‘mg ( factor &keomm‘,) .
$a) =(2-3)(2- (o + 24 8)(2- (o -%Ai))
x2 x2 x2
= (22 -3)((22-3)-3:) (@2-3)434)
expanding tuo brackets
= (22-3)((22-3)° +‘I)
expand 2ad to form quadratic
=(22-3}(% -2 i+q)+4)

= (22-3)(42r-122 +(3)
consider q(x) roots are 2=3/z\' L, 2
q(2) = (2-%) (2+ul2-?
expand 2 (ast brackets
qla): (2-%2)(2*+22-8)
= Subbing in uhat want ¢o solve

p 7 2 7 9 5 A 0 2 6 3 2
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(22'3)('411—'22 +18) = (2-3/23(}4-#)(;-1)

(22-3)(Y42*-Ns #18) = (2-34) (22¢22-8)
trying to gef o cancel -take 2 out of LHS
2a-3) (422 -122418) =(2-%,) (22+22-9)

2
(2-34) (822242 +3¢) - (- %) (22+22-8) =0
$ actorise (2-%a) out
(2-34 | [(822 24 2+3¢)- (22+22-2]F O
(2-34) (3222624 44) =0
L, quadfq(ic fom\ula
22 26 £ J(-26)*- Y(44)(3)
R
=26 +-ss¢
14
Qual. J=g¢ usSing J-1 =(
= 26 #2139

e ———

a0 M

= 13¢(fi3q
3
=) 2=, 13tine

e

WAY 2:usiaq ‘Scalar multiples' and equating Straight audy
Consider {(2)aroots 2=3/, ) 3¢ %
reuri{imj (fad'or theorem)
F2) =(2-3%)(2- (% + %)) (2~ (% - %46) )
q(x) roots: 2: 3/z| -4,2
~.reuriting (factor tneorem )
qix)=(2-3%)(2 +4)(2-2)
EQUATING #(2)=9(2)
(2-%:) (2-(2h +%i) (3-(%2- %)) = (2-%) (2 +4) (z-2)
but realising that on L.H.5
$(2)= €23+ ba2casd ~need to scale by 8
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DO NOT WRITE IN-THIS AREA

Question 8 continued

8(}—){((:-(% %) (- (A% 1) =( z//zs/(m)lz-z\

expand brackets
@27-2U2+3€= 224228
=) 33*-262+44=0
quadsatic formula
-(-26]) ¢ [t-26* - 4 (3)(44)

|4
LIS | Seialime
4 WM
213 £f13q¢
KD .
AND cemmon Solution $rom ()

Yy

(Total for Question 8 is 11 marks)
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Year 2 Modelling with differential equations - coupled first order differential equations

9. A patient is treated by administering an antibiotic intravenously at a constant rate for
some time.

Initially there is none of the antibiotic in the patient.
At time ¢ minutes after treatment began

» the concentration of the antibiotic in the blood of the patient is x mg/ml

+ the concentration of the antibiotic in the tissue of the patient is y mg/ml

The concentration of antibiotic in the patient is modelled by the equations

d
d—j ~0.025p-0.045x+2 - (@)

d
d—f ~0.032x—0.025y - @
(a) Show that

2
4000092 + 2800 ¥ + 13y = 2560
dr’ dt 3)

(b) Determine, according to the model, a general solution for the concentration of the
antibiotic in the patient’s tissue at time ¢ minutes after treatment began.

C))

(c) Hence determine a particular solution for the concentration of the antibiotic in the
tissue at time ¢ minutes after treatment began.

C))

To be effective for the patient the concentration of antibiotic in the tissue must
eventually reach a level between 185 mg/ml and 200 mg/ml.

(d) Determine whether the rate of administration of the antibiotic is effective for the
patient, giving a reason for your answer.

2

(o) netice how the ‘shou that' 2 0.0.E (s qiven in terms of 4 and its
derivative s - this implies that need to use the 2 differeatial equations
to eliminate ‘x'
rea/range @ {or °x'
0.-032x = 1‘: +0-07-S'3
dt

-0.032 <0032

U d
=) X *o0%2 (-ﬁ +0.0 2$ﬂ

next differentiate for %

28
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Question 9 continued

dy .

< —

E dt oOSz(*—’MOOzYT\:)

)

E dnd Sub x and Q‘ into (D 4o eliminate x and its derivatives
: [ d dy 4 0.02¢

= 0.032 (dt‘wo“‘.\’) = 0,025y -0.045( 5755, (4% # 0.0253)) +2
§ expand bradeets

23 4+ dy-1 45
ERrviat £ & 4o 32 %—?'5%;3*2
cotlect (ike terms

12§ 2
4’y 435 13
L' dtt |6 Q +|ltb‘3 -

% (280 €0 get show thab (notice hou Y veootkicient compares uvth
that of given ‘shov that' @quation

=) 40,000 dy go0 dy = 25¢0
) e +2, at 13y =

(b)to qel kissue-heed to solve above noa-homoqenous 20.0.€
A.E :40,000m*+2,300m ¢13 =0

DO NOTWRITE IN-THIS AREA

m = -2800 + [(2900)*-4( 40,000l ((3)
¢o,000
-=2800 t]§,760,000

——

0,000

"

|
= - - - 0
3 0.00§

<
Ll
o
<L
%’ GSr emcmbem\g qeneral golutivn to 2. Qo.Es vith 2 rea| roots ) & and B (b2-%ac)0)
= «<X
Z y:Ae" "t Re®
L . ~0.00$ ¢ -0.065 ¢
E C .F o 1 s A + 52
E nouw P.I
= Form of f(x) [ Form of particular integral |
(@] k [ 1 | ‘rj \3 :
()] ax+ b | A+ px | ‘~
ax? +bx + ¢ A+ px +vx? ‘j =
keP* Aep l\
M cos wx v, | Acoswx + M sin wx I ‘1
msin wx | A cos wx + psin wx I
m cos wx + nsin wx | A cos wx + psin wx |

29
0 O AR O Turn over
7 2 7 9 5§ A0 2 9 3 2

'WARNING!
The particular integral must not contain any term in the
| complementary function. If it does, you'll need to add an x

and possibly even an x° in front of your usual PI form



Question 9 continued

suBLinﬂ into o:is(nql 20.b.E:
40,000 (0) +2,800(0) +132 =25€0
=) 132 :2560
=13 <3
3 =560
3
~yzh o-00%t ' Be

G.S=CF+p.T y: Ae-f/zo + Be-nl"“f 4_2_9‘_‘0
13

-0.065 ¢

() using initial conditions ak 20, y =0

02 A& hoe 4 g ol 3rto

0 zA+n+ 2_3;{0
=) A+B=-25¢0
- 0
=6, &9 =
at £=6, 4 =0
lusing exponeatial diftecentiation

- ~0.00$ ¢
%_;J 2-0.005A¢ 0005 E_ 0.o6$e‘°‘°“l'

0 = -0.005(A)-0.0¢sB -®
Soluing for *A' and /8" -
A =-640
3
B= €40
39
- - 640 _-0.005¢
9= ‘_% e ‘_%Oe—o.“ﬂ'_l_ﬂo
(3

() ‘eventuany' cuqqests evaluate ¢y at ¢4

-0.065¢
e

) 40
2560
R =3 = 19692
irate of admin iSHation Svfficient

to meet reguiced

yre™
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Question 9 continued
(Total for Question 9 is 14 marks)
TOTAL FOR PAPER IS 75 MARKS
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